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3.1 - Number Operations and Equality

Algebraic Postulates of Equality:

Reflexive Property: a=a (Any number is equal to itself.)

Substitution Property: If a=b, then a can be substituted for b in any expression.

Addition Property: If a=b, then a+c=b+c

Subtraction Property: If a=b, then a-c=b-c.

Multiplication Property: If a=b, then ac=bc.

Division Property: If a=b, then a/c=b/c.

State the property of equality illustrated by each statement:
3.If ¢/d=m, then c=nd
Mu\\-'\?li cotion Pro Qeﬂuj of Q9 ualv{y

4. 1f £1A+2B++2C=180° and LC=LA+LB; then 2C+2C=180°.

Subshitution Proper ty of Equalily

5.1f22C=180°, then £C=90°.

DiNision ﬂ'@‘\“ of Ectua_Q\B

This figure shows two lines intersecting to form several angles, three of which
are numbered. 2

1533

8.1f £1+£2=,2+23, then £1=£3. Why?

Subtraction Propaty of g‘i"“ﬁ;ﬁ (ba Z 2-3
9.1f £1=£2 and £2=£3, then £1=£3. Why?
Substiution Ptoqer’cj of Equaﬂ(-\a

This figure shows how we bisected an angle by using a straightedge and
compass. Let’s check the algebra to see that 21 is the size that we would expect.

11.If £ABC=£1+£2 and £1=£2, then £ABC=2£1+21=221. Why?

SubstituttonPro pG’rg ot Etpo&."ﬂj

12.1f 2ZABC=2£1, then £1=(1/2) 2ABC. Why?
Mul’rip\icaﬁon L:::) /5
Dvision bd 2.
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Quadratic formula

—b+Vb2-4ac

2a

Ifax? + bx +c =0,thenx =

37. What is the hypothesis of this theorem?
’- —
ax*+bx+c =Q
Name the postulate that is the reason for each of the following first three steps in its proof:

38.Ifax? + bx + ¢ = O,thenx2+§x+§:0.
Dwision ‘P‘o\w"\'j of -E,alw!i‘(j ((a, a)

39.Ifx? + = x+ £ =0, then x2 + x——

Su\r\-rac‘\'ton ?Co‘)ﬁ\'n o Eclan\\j (bj 0\3

40.If x2 + = x———thenx + - x+( ) ( )

Addition ?ro‘)d'\n of £1Uagl*"y (bj (zat)

41. What kind of proof begins like this?

Dicect (531(03 IS M)

distance between o &b ;s
Ja-b| = |b-0o|

Postulate 3: The Ruler Postulate - The points on a line can be numbered so that

positive number differences measure dlstance

3.2 - The Ruler and Distance

— °
Def: Betweenness of Points - A point is between two otlﬁf points 0§he samcelme
iff its coordinate is between their coordinates. o< b < C

(More briefly, A-B-C iff a<b<c or a>b>c.) o< b and b <C

Theorem 1: The Betweenness of Points Theorem

If A-B-C, then AB+BC=AC

Proof for a<b<c case:

Statements: Reasons:

TG A-B-C The hypothesis.

‘G a<b<c Definition of betweenness.

G AB=b-aand BC=c-b Ruler Postulate.

3.(? AB1B8C=bh-a1B8C ton

UG AB+BC=(b-a)+(c-b)=c-a #eterr (and simplifaction).
ution

nG AC=c-a Ruler Postulate.

G AB+BC=AC Substitution (steps 4 and 5).
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Three points on a line have the following coordinates:
point A, 123; point T, 1; and point W, 12.
T W

L . i 2 123 .
Which idea is the reason for each statement below (Ruler Postulate, definition of
betweenness of points, or Betweenness of Points Theorem)?

4. T-W-A because 1<12<123.

Oefinttion of beraeenness of poil\'l':s

5. TW+WA=TA because T-W-A.

Behseenness of po‘m’cs Theorem,

Suppose point A is at coordinate 40, point B is at coordinate 47, distance BC is 5,
and point D is at coordinate 58. Determine:

TG The total distance AD.
58-40= (8
‘G The coordinate of C.

4349 =52

1 S 6
,G  The distance CD. A ~Ann B ~AC ~AP

58-92 = (o oo w52 s

Because A-B-C, AB+BC=AC, or 7+5=12, according to the Betweenness of Points
Theorem. Use this theorem to complete the statements:

TG 9. Because B-C-D, BC+CD=5D ,or 5+6 = (

‘G 10.BecauseA-B-D,AB+BD:AD,or7+” = ’g i
G 11.Because A-C-D, AC+ QD =AD ,or |2 + (- |% .
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Suppose AC=BD. Complete the statements: A B € D

38. Because A-B-C, AC=AB +BC.
by the Betweenness of Points Theorem.

39. Because B-C-D,BD=B C + CD

by the Dehucenness of Poink s_ﬂ\mre,N\

40. Why is AB+BC=BC+CD?

Substitution (Ac=8D gven subsk. into 38439

41. Why is AB=CD?

Sulstraction Proyer-\-\J of Ecluan'&n ( BDBCB

3.3 - The Protractor and Angle Measure

Postulate 4: The Protractor Postulate - The rays in a half-rotation can be
numbered from 0 to 180 so that positive number differences measure angles.

Definitions: An angle is

Acute iff it is less than 90°.

Right iff it is 90°.

Obtuse iff it is more than 90° but less than 180°.

Straight iff it is 180°. —
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Def: Betweenness of Rays — A ray is between two others in the same half-rotation
iff its coordinate is between their coordinates. A 8
(More briefly, 0A-OB-OC iff a<b<c or a>b>c.)

0 c

Theorem 2: The Betweenness of Rays Theorem -
If 0A-OB-0C, then ZAOB+2B0C=2A0C.

Proof for a>b>c case:

Statements: Reasons:
TG O0A-OB-0C The hypothesis.
a>b>c Definition of betweenness.

£AO0B=a-b and 2BOC=b-c Protractor Postulate.
NG 2£AOB+£B0C=(a-b)+(b-c)=a-c Addition (and simplification).
nG <«£AOC=a-c Protractor Postulate.

G £AOB+4£B0C=£A0C Substitution (steps 4 and 5).

Three rays in a half-rotation have the following coordinates:
ray HE, 81; ray HI, 18; and ray HO, 180.

4. Which ray is between the other two (and why)?

Use your protractor to draw a figure.
81°

5. Name and find the measures of the three angles formed by the rays.

m< WHE = (R .
MLIHE=J\(] = 03

MLt |'\O el l%o,g\ - qqa
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3.4 - Bisection

Def: A point is on the midpoint of a line segment iff it divides the line segment into
two equal segments.

Def: A line bisects an angle iff it divides the angle into two equal angles.

Def: Two objects are congruent if and only if they coincide exactly when
superimposed. Y

Def: A corollary is a theorem that can be easily proved as a consequence of a
postulate or another theorem.

(unique mi n N
Corollary to the Protractor Postulate: An angle has éxactly one ray that bisects it.

(wrique angle lo'lsedor)

Corollary to the Ruler Pogstulate: A line segment his exactly one midpoint.
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Bisecting angles with origami: Starting with a square sheet of paper, corner B

is folded onto D. Then sides BC and DC are folded onto the fold AC.
A

(

D
Because £BAC fits onto 2DAC, 2BAC and £DAC are congruent.

17. Which angle is bisected if ZBAC=2£DAC?
<¢BAD = <DAR
18. Name three more angles that are bisected in the folding process.

LDCB, LACH LDCK

Angle BCD is a right angle because the process starts with a square. Find the
number of degrees in each of the following angles.

20.4FCD:22,6' 21.2FCE = qs’ 23. £DFC =(,q.s.

. . cC D
Acetylene molecules contain four atoms, arranged linearly.

34. In this molecule, AB=CD, A-B-C and B-C-D. Use these facts to supply the
reasons in the following direct proof that AC=BD.

Proof:
Statements Reasons
(,AB=CD Given.
2AB+BC=BC+CD Addtien (b‘\, BC)
3A-B-C and B-C-D Given
YAB+BC=AC and BC+CD=BD Befweehmss of ?mt\*s ﬂ\ﬂ 6cern

S.Therefore, AC=BD 6\Ab S\’\‘hfl'\ﬁﬁ 4 ‘A'D Z?

35. Use the additional fact that AC>2AB to supply the missing statements and
reasons in this indirect proof that B is not the midpoint of AC.

Proof:

Statements Reasons

Suppose B isthe M!dpllﬂ‘O‘pAc Assumptlon
u" of m‘)‘,o,n“- - M\’pmf"

If B is the midpoint of AC, then AB=BC. le‘“ maat {nte S‘J.J,
Because AB+BC=AC, 2AB=AC. Subsh" wtion g C «&r Pbs
ms contrediots i )\C >2AB Hypothesis

Therefore, our assumption is false and

B s 1ot Hhe Midpoint of AC.
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3.5 - Complementary and Supplementary Angles

Def: Two angles are complementary iff their sum is 90°.
Def: Two angles are supplementary iff their sum is 180°.

Theorem 3: Complements of the same angle are equal. (proved on p.106)

Theorem 4: Supplements of the same angle are equal.

If a protractor is placed on the figure so that OD has
coordinate 0, the coordinates of the other rays are:
0G, 90; OW, 117; OF, 180.

16. Write the equation that follows from the fact that
OD-OW-OF. ZDOW + £LWOF = LDoF

(Betweenness of Rﬂys_”‘uoww)

17. Find the measures of 2£DOW = | |'F°
LWOF = (%°

2DOF = (80"

18. What relation does 2DOW have to ZWOF?
they are sugplemantas y L's
19. Find the measure of ZWOG
23°
20. What relation does ZWOG have to ZWOF?

they are complemen as g w\g\es
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21 +2A0Cc =90° J{”':\w*"‘
Z2+2AR0C =90°

L4 £4ph0C =22+2A0C s..m.&m.a
LIl=L 2 (SuHru-'\'lol\)

In the figure, 21 and £2 are both complements of 2ZAOC.
44. What else is true?
ZI=4 2 (CO'\-P‘MJ of e same N\ﬂh are ewd)

45. Is it possible to figure out the size of each angle in the figure without >

measuringthem? / |44 Z =L AOC (Gehwennss of
425 L2.=LACC. Suhhdan

L2+l2+4L2 = =LAOC+L2. AJI ‘onL")
DLz = 0° b,h\“hon

N 2T
£2 =30 Dhisun
% subshidion

LAoc = GOQ S 2 Asn

3.6 - Linear Pairs and Vertical Angles

Def: Two angles are alinear pair iff they have a common side and their other
sides are opposite rays.

Def: Two angles are vertical angles iff the sides of one angle are opposite rays
to the sides of the other.
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Theorem 5: The angles in a linear pair are supplementary. n’

Given: £1 and 42 are a linear pair.
Prove: 21 and 42 are supplementary.
Proof:

Statements

1. 41 and £2 are a linear pair.

2. Rays OA and OC are opposite rays.

3. Let the coordinates of OA, OB,
and OC be 0, n, and 180.

4. £1=n-0=n° and £2=(180-n)°
49 s(+2=n° +£2,

5. 21+£2=1°+(180-0)°=180° ~, (T

6. 241 and £2 are supplementary.

Theorem 6: Vertical angles are equal.

i VA 23 1
Given ondm 2re vertical

ToProve: L|1=,3"

Proof
Stotements

ddition
s+ :

o /2 '30°
ke £ C

Reasons

Given

If two angles are a linear pair, they have a
common side and their other sides are

opposite rays. ( Definton OF Lineas Pa‘\a

Brotrackoc foshuleke,
Pratractc Postulate
Hon 22=|80-n¢

Two angles are supplementary if their
sum is 180°.

.21 oad 43 are VerHeal w\sles. Given

2. 0A and OC are opporite Rays
opeosﬂ-e Ra S

0B and OD are
3. £l ond £2 Torm alinear

Def. of vecticoll ansles

L2 003 23 Sorm o linans P:‘fr’: Definition of linear paiC

4. 0\ o L2 are suf?lemm\
L2009 LD ove SW\

5. L1=43

Angles in a (inear pair
ace SUWlmm\-a.r

Swpplement Yhe
Nsm:\\: ';A:Off ove qud.

10
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3.7 - Perpendicular and Parallel Lines .
«tF and only if
Def: Two lines are perpendicular iff they form a right angle.

Theorem 7: Perpendicular lines form four right angles.
Corollary to the definition of a right angle: All right angles are equal.

Theorem 8: If the angles in a linear pair are equal, then their sides are
perpendicular.

Def: Two lines are parallel iff they lie in the same plane and do not intersect.

December 05, 2018

11
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