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FRACTALS

Fractals:
sare self-similar (at least approximately),i.e. have the rescaling property (when youzoomin on

a piece it looks likethe whole)
*havefine structure on arbitrarily small scales

» often have simple, recursive definitions

Mandelbrot Set Romanesco broccoli Coastline of Norway

The Cantor Middle-Third Set:
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To obtain Cp44 from €, we remove the middle third of each interval in C,,. The Cantor set € is the intersection of
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all C,,. Cis a fractal.

n
C, consists of 2" closed intervals of length :%" The total length of C,, is G) , which approaches 0 as n approaches

. Hence the "length" of € is 0.

Another way to state this is that the length of C,,41 = g length of C, . Given this recursive definition, again we

have that the length of C,, is , which approaches 0 as n approaches .
The total length removed from the interval [0, 1] in the construction of the Cantor set is
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Hence we have a set from which its entire length has been removed. Yet there are stillinfinitely many points left

"ondpoinds of Y l()kmodls

Note: the sum of an infinite geometricseries with common ratio less than 1 in absolute valueis equal to

S = %, where a; is the first term and r is the common ratio.
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Koch Curve:
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Fractal Dimension:

Recallthat pointsin space are O-dimensional;linesare
dimensional. Fractalsdon'tbehaveexactlylike objectsin these

Supposethatan object has the following property:if we sca

from N scaled-down versions of itself.
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Koch Snowflake:
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imensional; a square is 2-dimensional;and a cubeis 3-
integer dimensions.

le it down by a factor of S, then the object can be built
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The Cantor Middle-Third Set:
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Supposethatan object has the following property: if we scale it down by a factor of S, thenthe object can be built

from N scaled-down versions of itself.
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= fractal dimension

Koch Curve:
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Sierpinski Triangle: " yu\ 0‘ :7) é sl e
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LetT, be the nth |terat|on o‘thealerph-@tnanglel 2 @ Qreo. r'e VML 0¥ 2 CJ n
let A,, be the area of the nth iteration of the Sierpinski triangle; let 4y = 1; 30 :5 :) _ _,‘_ IC)
let B, be theperimeter of the nth iteration of the Sierpinski triangle. 4_ \ + /{_ 2. + e T ?
= S5=n T T,
g9 . ,.".{ n" ] 1
EQQDEL% of 3 TEHEES ofarea (;) ; Perimeter of this iteration 6 9
Py=1xz iy
How much was removed? V3 Y3
) " Perimeter of thisiteration P, 3
n =
We remove 3™ triangles of area ( ) to get Tyoq from 75, divided by perimeter of N/A Fl _ 3
Hence the total area removedis: previousiteration 0
1 \; Y Area removed from !
} 3\ _ _a_ 1 2 E prew.cus!tP:ratlo.nto N/A -1—’
2 3 1 B obtain thisiteration
n=0 1 1 - — L) Total arearemoved t
- - 0 —
3 A up to this point A
Pnyy =Py, which implies that P, = (5) , Number of triangles 1 9
which approaches o as n approaches oo. in this iteration
The Sierpinski triangle has zero area but an infinite perimeter! A_Area.o.fa trli.mgle 1 I/A,
in this iteration
Fractal Dimension; S=2 , N=3 , d = 1252 ~ 158 Total area of this iteration Ag=1 4 = 9/1\’
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Sierpinski Carpet:
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